Vacuum Einstein equations when projected on to a black hole horizon is analogous to the dynamics of fluids. In this work we address the question, whether certain properties of semi-classical black holes could be holographically mapped into properties of (2 + 1)-dimensional fluid living on the horizon. In particular, we focus on the statistical mechanical description of the horizon-fluid that leads to Bekenstein-Hawking entropy. Within the paradigm of Landau mean field theory and existence of a condensate at a critical temperature, we explicitly show that Bekenstein-Hawking entropy and other features of black hole thermodynamics can be recovered from the statistical modelling of the fluid. We also show that a negative cosmological constant acts like an external magnetic field that induces order in the system leading to the appearance of a tri-critical point in the phase diagram.
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I. INTRODUCTION
In 1970's, it was shown that the dynamics of Blackholes is formally analogous to thermodynamics [1] . However, it was only with the discovery of Hawking radiation [2] , that the precise expression of black-hole entropy was found. The laws of black-hole mechanics also came to be viewed widely as the laws of black-hole thermodynamics. Similarly, in recent years, it has been shown that the dynamics of gravity, near the black-hole horizon, is analogous to the dynamics of fluids [3] [4] [5] . (For earlier works, see Refs. [6] [7] [8] . ) As in the case of black-hole mechanics, the FluidGravity correspondence is still formal. Currently, it is used as an operational tool to study a relatively simpler problem on one side (say, Fluid), use the correspondence and know about a much harder problem in the Gravity sector [3] . In this work, we ask a different question related to the black-hole entropy: Can the Fluid-Gravity analogy provide a statistical mechanical description of the (2 + 1)−D fluid living on the black hole horizon that leads to Bekenstein-Hawking entropy and in general, the black-hole entropy? If this can be achieved, then the Fluid-Gravity correspondence may be more than an analogy.
There have been attempts in the literature to obtain black-hole entropy from degrees of freedom of quantum fluids [9] [10] [11] . Such attempts have proved unsatisfactory because the models cannot reproduce Black Hole Thermodynamics, in particular, the First Law and Bekenstein-Hawking entropy. In this work, we explicitly show that within the paradigm of Landau theory of phase transition and formation of a condensate at a critical temperature, Bekenstein-Hawking entropy including the correct pre-factor The key assumption we make (based on the results of Ref. [12] ), is the existence of a condensate that corresponds to the breaking of a continuous symmetry. We use Mean field theory to describe the phase transition leading to condensation. By construction, mean field theory includes only long wavelength fluctuations in the system and neglect the short-wavelength (high energy) fluctuations. This observation forms one of the crucial inputs in our analysis of reducing the symmetry group from continuous to discrete [13] [14] [15] . (See Appendix A where we have shown this using the Path-integral technique.) The reduction of the symmetry group from continuous to discrete has the advantage that one can talk about a phase transition for the 2-D systems [30] .
Our approach predicts the existence of two phases of the Horizon-fluid system: Symmetric phase, in which, the black hole is in equilibrium with its surroundings. Nonsymmetric phase, in which, black-hole is not in an equilibrium. It is in this phase, that the entropy is identical to Bekenstein-Hawking entropy. The negative cosmological constant gives rise to an external field, which favours long range order in the system. This is very similar to the introduction of an external magnetic field, which helps align the spins in a magnet. We show the existence of a tri-critical point in the phase diagram of the Horizonfluid in the presence of a cosmological constant.
In the next section, we develop the mean field theory formalism for the horizon-fluid and recover BekensteinHawking entropy of Schwarschild black-hole in the nonsymmetric phase. In section (III), we apply the formalism to Schwarzschild AdS and show the existence of a tricritical point in the phase diagram of the Horizon-fluid. In section (IV), we discuss the physical significance of the order-parameter and give a physical understanding of the two phases. We end with conclusions and discussions.
II. SCHWARZSCHILD BLACK HOLE
To proceed beyond the macroscopic physics, we need to build a statistical model of the Horizon-Fluid system. Using the fact that the black-holes are highly constrained, the horizon-fluid can be modeled as a strongly correlated system. Further evidence for this has shown up recently where the authors have modeled the Horizon-fluid for a Schwarzschild black hole by a collection of massless Bose particles [12] . An interesting feature of the model is that the constraints force the Bose particles to populate only the ground state. (See Appendix (B) for the correspondence between the black-hole horizon as a null fluid and a Bose gas.) This strongly suggests the occurrence of a phase transition. With this insight, we make the following assumptions:
1. There is a temperature T c (critical temperature), at which, all the N microscopic d.o.f. on the horizon form a condensate.
2. The system always remains close to the critical point, where the phase transition takes place.
An immediate consequence of these assumptions is the deduction of the relation between N and A (see Appendix B). Since the system forms a condensate at T c , nearly all the microscopic d.o.f.s would be in the ground state near the critical point. As there is only one scale in the problem, the total energy of the system can be expressed in the form, E = N αT , where, α is a constant. Using the constraints (B2) and (B3), we get
We model the horizon-fluid system using mean field theory [20] [21] [22] . The order parameter for a collection of particles, which forms a condensate at a certain transition temperature, is the wave function for the state (ψ) whose modulus is equal to the number density of particles ρ i.e. ψ ∝ √ ρ. For mathematical simplicity, we assume the black hole horizon-fluid system to be homogeneous. Hence, the order parameter is given by:
where √ κ contains the phase information. Following points need to be noted regarding the order parameter: (i) ψ has a continuous U (1) symmetry which will be broken beyond the critical point.
(ii) The phase part of the order parameter presumably comes from the quantum dynamics of the microscopic d.o.f. on the horizon that are governed by high energy modes. This implies that the fluctuations in the phase part of ψ occur at much smaller length scales than the fluctuations in the amplitude of ψ. Using the Renormalization Group analysis (details in Appendix A), we can rewrite the free energy of a macroscopic black hole in terms of the relatively low energy d.o.f. The only change that occurs is that the order parameter in the free energy can be treated as real. This reduces the symmetry group to Z 2 , a discrete one [23] [24] [25] . Henceforth, √ κ would be taken to be real valued. To distinguish the Z 2 symmetric theory from the continuous one, we define a new real valued order parameter:
where, √ κ is now taken to be real valued. Of course, now, the physical significance of the order parameter could no longer be supplied directly from the microscopic model. Nonetheless, as we shall see later, it is possible to give a physical interpretation of η.
Following Landau-Lifshitz [20] (Section §143), it will be better suited to write down the Mean field theory in terms of the Thermodynamic potential, Φ, where the independent variables are T and the chemical potential µ[31] i .e., Φ = −P A. Expanding Φ about T c , we have
where a(P ) and B(P ) are unknown phenomenological functions. Using (B1), (3) and constraint (1), we get,
Matching the coefficients of A on both sides, we have,
which shows that a is a negative number. We also have the second mapping constraint, using (6),
It is important to note that η = 0 is the symmetric phase and η = 0 is the asymmetric phase [20] . In our case, since a < 0, this implies that the system is in the symmetric phase for T < T c and asymmetric phase for T > T c . Similar behaviour is exhibited in the case of Kosterlits-Thouless transition in 2-D systems [25] .
In the asymmetric phase, the order parameter η has the value for which, the Thermodynamic Potential is minimum. The minimisation of the Thermodynamic potential with respect to η gives the condition
Using (1) and (6), this can be expressed as
Denoting the entropy of the system in the symmetric and asymmetric phase by S 0 and S 0 + ∆S, respectively, we have
From (6) and (10), we get,
This is one of the main results of the paper and we would like to discuss its importance: First, in the semi-classical regime, the area A of a macroscopic black hole is large implying that ∆S is very large. If S 0 is taken to be small compared to this, then we can approximate the entropy S of the black hole-fluid system in the asymmetric phase to be A 4 . This is the same as given by Bekenstein-Hawking entropy of the black hole. Second, this analysis shows that the entropy calculated in Ref. [12] is the entropy of the system in the symmetric phase, which does not correspond to the black-hole entropy. Third, the specific heat cannot be defined in the standard way here as the black hole-fluid system is a one parameter system. However, it can be shown that dQ dT < 0.
III. ADS-SCHWARZSCHILD BLACK HOLE
Λ can be incorporated in the mean field theory by introducing an external field (h) that couples to the system. This is similar to switching on a magnetic field in a paramagnet-ferromagnet system. Later, we show that the external field is related to Λ.
Using the relation Φ = −P A, we have (See [20] , Section §144):
From this, we can now determine the mapping constraint and the dependence of h on Λ. Using (3), (12) leads to:
From (13), we can match the coefficients of the different powers of A on both sides. This gives (6) as before and
The mapping constraint remains the same (7). In thermodynamic equilibrium, as before, the Thermodynamic Potential should be minimised. That leads to the condition,
Due to the external field h, the phase structure system gets richer [20] . For T > T c , phase transition of the first kind occurs when the system passes through h = 0, where, phases with η = ±(
, opposite in sign are in equilibrium together. In fact, our analysis predicts the existence of a tri-critical point [20] . It is interesting to note that in Ref. [9] the black-hole was modeled as a quantum Bose gas near the tri-critical point.
Unlike Schwarzschild black-hole, in this case, the change in the entropy can be performed only in two different -weak and strong field -limits. To define the limits, let us denote by h t , the value of the field at which η ind becomes of the same order of magnitude as the equilibrium value of the order parameter(η sp ) in the absence of any external field(h = 0) η sp ∼
where, η 0 is the equilibrium value of the order parameter in the absence of any external field and η 1 is the change in it cause by the presence of an external field. For small values of h, the change in η would be linear in h. Hence, using the formulae for susceptibility described earlier, we have
Using the relation S = −∂Φ/∂T = S 0 − aη 2 and using (6) and (3), we get, ∆S = A/4, same as in the earlier case. Arguing in the same way as in the case of the Schwarzschild black hole, we now conclude that the entropy of the black hole system is given by A 4 in this case as well.
AdS-Schwarzschild black hole-fluid system is one for which one can define specific heat. Here P is a function of T and Λ. Thus T can be varied keeping P fixed. However, in the weak field limit, where Λ ≪ 1, ∆Q ∆T is negative as before and the system cannot be in stable equilibrium with heat bath.
In the strong field limit, the order parameter in the equilibrium state is given by
It can be shown in the same way as before that the entropy of the system would be 4 . In the h ≫ h t limit, the system is a two parameter system. One can define specific heat for this system and it turns out to be [20] 
If C P 0 is positive, then so is C P . Unlike weak field limit, in this case, the system can be in equilibrium with heat bath.
IV. UNDERSTANDING THE ORDER PARAMETER(η)
In the semi-classical black-hole limit, it is reasonable to assume that the fluctuations of N around its equilibrium value goes as, ∆N r.m.s ∝ √ N , where, ∆N r.m.s is the square root of the mean square fluctuation of N . This implies that,
when, η = 0. It is important to note that while ∆N r.m.s. ≥ 0, η can take negative values. Hence, η cannot be identified with ∆N r.m.s. . A more natural choice would be to identify η with the average over the fluctuations in N . This vanishes when the system is in equilibrium. A non-zero value of this average denotes that the system is not in equilibrium. Depending on the sign of the average over the fluctuations, the system is driven in a particular direction. Let us now try to quantify this. The constraints (B2), (1) , and the presence of an asymptotic timelike Killing vector ensures that the change in the energy the black hole system due to the fluctuations in N must be accounted for. Noting that the Schwarzschild black hole is not in equilibrium in the asymmetric phase, we treat the Horizon-Fluid as an open system in contact with an external source. There could be an exchange of energy between the two. Due to the constraints, it could also be thought of as the exchange of some d.o.f. from one system to the other and vice versa. The fluctuations around the mean value of N could then be thought of as having been arisen because of such exchange of d.o.f. between the systems.
Let us assume that the system is at first is in equilibrium with the external source. This is the symmetric or the η = 0 phase for a Schwarzschild black hole. The probability of an exchange of a degree of freedom from the black hole to the source and its reverse process to take place, when the black hole has N d.o.f., is denoted by P B→S and P S→B respectively. At equilibrium, P B→S = P S→B . This is also the probability that the d.o.f. of the black hole increases from the mean value by one due to a fluctuation. Therefore, at equilibrium,
where, the average number of d.o.f. of the black hole is given by N . When not in equilibrium, there would be a net macroscopic exchange of a small number of d.o.f. between the black hole and the external source. Let us denote that by δN . According to our convention, δN > 0 (δN < 0), when the black hole gains (loses) in the exchange between the source and the black hole. For small exchanges, it is natural to assume the probability that a system loses some d.o.f. would depend on the mean number of the d.o.f. of the system only. Let us now consider what happens after the system has exchanged δN number of d.o.f. between them. We can write,
The average change in the number of black hole d.o.f., ∆N av would then be given by,
where, C is some positive constant. So ∆N av could be positive or negative depending on the sign of δN . It is natural then to identify η with δN N , which would also automatically ensure that η ≪ 1. Thus we have,
From (3), then it follows that,
The order parameter η thus provides an estimate of how far the black hole is from equilibrium. The source mentioned here could be physically realised by some matter-energy that falls into the Schwarzschild black hole. Typically the energy of such infalling matter would be much smaller than that of the black hole and δN ∆Nr.m.s , would typically scale by some power of the Planck length, also a tiny number. For an observer far from the black hole horizon, any such infalling matter reaches the horizon asymptotically. Such an observer sees the area of the black hole horizon increasing quasi-statically due to the matter influx. The phase characterized by η < 0 could be realised for Hawking radiation. The external source in this case is the thermal radiation. The black hole emits more radiation and its area decreases.
V. DISCUSSION
Our analysis allows us to draw an important conclusion. The Schwarzschild black hole has an entropy given by the Bekenstein-Hawking formula only when it is not in equilibrium with its surroundings. We expect this result to hold for Kerr and Reisner-Nandstorm black holes, away from the extremal limit. Due to spontaneous symmetry breaking, the black hole could go into any one of the phases (η > 0 and η < 0) with equal likelihood. The formalism developed here is also not suitable to conclude whether, in the non-equilibrium phases, the black hole would exhibit runaway behaviour or not. Considerations about the change in entropy is useful here. dS dη > 0, only if η > 0. Hence, entropy-wise, it is favourable for a black hole in the η > 0 phase to go on increasing its area by absorbing more matter. This tendency is the cause of the out of equilibrium and negative specific heat of the black hole [27] . In η < 0 phase, the horizon area would continue to decrease if the decrease in the area and the entropy of the black hole is compensated by an increase in the entropy of the radiation outside the black hole, so that the total entropy actually increases [27] . This happens in the emission of Hawking radiation [28] and in this case also, the black hole shows runaway behaviour.
The negative cosmological constant can also be thought of as an external field which induces order in the horizon fluid. Recalling (14) , we see that this, however, is only possible if, δN = 0. For ADS-Swarzschild black holes, the phases with η > 0 and η < 0 could coexist. According to the considerations discussed above, these are the phases with classical and quantum instabilities respectively. But the amount of matter-energy exchanged between the black hole and its surroundings would be opposite in sign. So, if we consider, the system as a whole, the net exchange between the black hole and its surroundings could be zero. Then the black hole would be in thermal equilibrium with its surroundings. This is seen from the specific heat becoming positive from a negative value, for large values of Λ. However, it is possible to have a stable horizon fluid system only for a negative cosmological constant. Our analysis suggests, that a black hole in an asymptotically de-Sitter space might be unstable [32] . For the AdS-Schwarzschild black hole, the system has a phase diagram with a tri-critical point. This relates to some other attempts made in the literature to describe the black hole physics by the physics near a critical point [9] . What is remarkable here is that, it is possible to give an explanation for these well-known features of Black Hole Thermodynamics from the horizon fluid perspective.
As is well known, Mean Field Theory is valid only when the fluctuations of the order parameter are irrelevant. However, in this work, we have shown that, such a crude approximation, in particular in 2D [29] , could lead to Bekenstein-Hawking entropy. Our work strongly suggests that any approach that predicts Bekenstein-Hawking entropy should be treated at the same level as a Mean Field model in Condensed matter systems that implicitly ignore fluctuations. It would be interesting to see whether mean field theory can predict the change in the entropy for higher-derivative gravity theories. Our work also suggests that going beyond Mean Field Theory will lead to fundamental understanding of black hole entropy. Finally, for smaller black holes having a larger temperature, the low energy theory having Z 2 symmetry may no longer be valid. Then, there is a possibility, that something like the Kosterlits-Thouless transition takes place [25] as the temperature of the black hole increases, i.e. as it gets smaller.
(A6) At this point, we could gain more insight into this path integral by noting the following facts. Firstly, |ψ| ≪ 1 . The system is in thermodynamic equilibrium, when ψ satisfies the equation, δE δψ = 0, which could be referred to as the stationary condition. Now, though in general, ψ takes complex values, it would also take real values. So the space of all possible values of ψ that satisfy the stationary condition would also include real numbers. The path integral in (A6) would include real values of ψ that satisfy the stationary condition. These would also be some of the possible values that η could take and and we are expanding E around these values with respect toψ. Let us denote these stationary values of η by η s . Now let us expand Z around η s and we define a new variable, δη by the relation, δη = η − η s . Also, η s = η s (x). Then one can rewrite (A6) as,
Because of the stationary condition, the term linear or anti linear in ψ would be zero. The leading order potential term in the expansion could then either be proportional to δη 2 or |ψ| 2 . The δη 2 term has already been taken care of in the part of the path integral over δη configurations. Then the leading order potential term in the expansion of E around η s with respect toψ is the term proportional to |ψ| 2 . In a similar way, it can be argued that the leading order kinetic term in the expansion could only be proportional to |∇ψ| 2 . Then we can write the partition function as,
[33], where, we have used the U (1) symmetry of the Energy function.
To use the condition (A4), one has to switch over to a momentum space representation ofψ, given by,
(A4) implies that k 2 ≫ 1. This ensures that we could replace the entire integrand by the |Ψ k | 2 term in the path integrals of the form DΨ k f (Ψ k ) in the r.h.s. of (A10) as a good approximation. Then the partition function could be written as
The phase d.o.f. orψ could now be integrated out of Z by performing Gaussian path integrals inΨ k . This would result in a constant factor, that would be denoted here by 1 ∆ . It could be taken out of the path integral. Hence, one gets
Making a change of variable from δη to η, one gets the partition function to be of the same form as given by (A12), modulo some constant factor. Ignoring the constant factors, the partition function can be written as
the partition function describing the low energy physics of the same system. This low energy theory is governed by the form of energy expressed only in terms of the low energy d.o.f. and is given by,
This can now be treated as a theory which has a Z2 symmetry, a discrete symmetry. The spontaneous symmetry breaking that would occur when the energy gets minimised would be a Z2 symmetry breaking, As an aside, we note here that some minor modifications of this technique would give us the same result in Field Theory.
Appendix B: 2-D Ideal massless Gas
The Einstein equations projected on the event horizon of a Schwarschild black hole could be described by a 2 + 1 dimensional relativistic fluid that resides on the event horizon of the black hole [7] . The volume of the fluid is the area of the horizon, denoted by A. The temperature of the horizon, denoted henceforth by T , is the temperature of the fluid and the total energy of the fluid is given by the Komar mass of the black hole [12] . The equation characterizing the fluid is then given by [12] ,
This is the equation of state of a 2D ideal massless relativistic gas [18] . If the number of degree of freedom in the horizon-fluid system is given by N , then the entropy is typically a function of three parameters, S(E, N, A). However, the parameter space of the Schwarzschild black hole is one dimensional. So E, N , A are not independent, but must obey the two constraints: E = E(A) and N = N (A). The constraint equation between E and A is given by [12] ,
The constraint relating N and A could be derived from the equation relating the black hole mass and the Hawking temperature,
Deriving N (A) from (B3), however, requires information about the statistical model and would be done at a later stage.
The Statistical Physics Viewpoint
From the preceding discussion, it is clear that the fluid in the fluid-horizon correspondence in Damour's work [7] , could be viewed as a collection of microscopic degrees of freedom, which obey Bose statistics. In [12] , the authors take them to be a collection of N particles. As described in [12] , the energy levels of a free relativistic particle could be calculated. They also give the spectrum of a massless relativistic scalar particle living on the surface of a sphere of area A [19] , [12] ,
where,ǫ l = l(l + 1) + α 2 .ǫ l is defined in such a way that it is independent of the black hole parameters.
Here we argue on general grounds that for a microscopic degree of freedom residing on a spherical surface of area A, the spectrum would be given by a form similar to that in (B4). If we assume that the microscopic degrees of freedom on the horizon are independent of the physics in the bulk, then the only length scale for them is the one set by the area of the horizon. On dimensional grounds then, one can write, the energy levels of such a microscopic degree of freedom in the following way, ǫ ∝ 1 √ A
. Because of the black hole constraints, this could be expressed as ǫ ∝ T . This would give an expression for the energy levels similar in form to the expression for the energy levels of a particle given by (B4). Then one can express the energy of the ground state of such a microscopic degree of freedom as, ǫ 0 = αT , where, α is a constant. It is to be noted that, very little input about the microscopic degrees of freedom has gone into our analysis so far. All that has been assumed is the existence of N such degrees of freedom and their Bosonic nature. 
